We study D-dimensional polymerized membranes embedded in d dimensions using a self- 
There are now several experimental realizations of polymerized or solid-like membranes, such as protein networks of biological membranes 1,2 , polymerized lipid bilayers 3 and some inorganic surfaces 4 . Unlike linear polymers, two dimensional sheets of molecules with fixed connectivity and non zero shear modulus are predicted to exhibit a flat phase with broken orientational symmetry. Out of plane thermal undulations of solid membranes which induce a non-zero local Gaussian curvature are strongly suppressed because they are accompanied by in-plane shear deformations 5 . As a result, even "phantom" tethered membranes should be flat at low temperatures 5, 6 , and exhibit a quite remarkable anomalous elasticity, with wavevector dependent elastic moduli that vanish and a bending rigidity that diverges at long wavelength 7 .
Excluded volume interactions, present in physical membranes, further stabilize the flat phase 8 but are usually assumed to be otherwise irrelevant to describe its long distance properties.
Motivated by recent experiments on partially polymerized vesicles 3 , studies of models with quenched in-plane disorder have shown that the flat phase is unstable at T=0 to either local random stresses 9 or random spontaneous curvature 10 .
Flat membranes of internal dimensionality D and linear size L are characterized by a roughness exponent ζ such that transverse displacements scale as L ζ . Nelson and Peliti (NP), using a simple one loop self-consistent theory 5 for D = 2 which assumes non-vanishing elastic constants, found that phonon-mediated interactions between capillary waves lead to a renormalized bending rigidity κ R (q) ∼ q −η with η = 1. Since ζ = (4 − D − η)/2 they predicted ζ = 1/2 for physical membranes. An ǫ = 4 − D expansion 7 confirmed that the flat phase was described by a non trivial fixed point, but with anomalous elastic constants λ(q) ∼ µ(q) ∼ q ηu , η u > 0, with
and the NP approximation corresponds to setting η u = 0.
There is presently some uncertainty on the precise value of the roughness exponent for physical membranes. In this Letter we introduce a self-consistent approximation which improves on the Nelson
Peliti theory 5 by allowing a non trivial renormalization of the elastic moduli. It is exact in three different limits and compares well with numerical simulations. We construct two coupled selfconsistent equations for the renormalized bending rigidity κ R (q) and elastic moduli µ R (q), λ R (q) and solve them in the long wavelength limit. 
where the e α are a set of D orthonormal vectors. The effective free energy is the sum of a bending energy and an in plane elastic energy (most relevant terms):
where the strain tensor is u αβ = 1 2
To discuss the SCSA in the flat phase it is convenient to first integrate out the phonons 1, 5 , and to work with the d c -component h field. In terms of Fourier components the free energy takes the form of a critical theory:
with q = k 1 + k 2 and k 1 + k 2 + k 3 + k 4 = 0 and we use dk to denote
four-point coupling fourth-order tensor R(q) is transverse to q, the longitudinal part having been eliminated through phonon integration. It can be written as R(q) = bN(q) + µM(q) with:
where P T αβ = δ αβ − q α q β /q 2 is the transverse projector. µ is the shear modulus and b = µ(2µ + Dλ)/(2µ + λ) is proportional to both shear and bulk moduli. The convenience of this decomposition is that M and N are mutually orthogonal projectors under tensor multiplication (e.g M αβ,γδ M γδ,µν = M αβ,µν etc...).
We set up two coupled integral equations for the propagator of the h field and for the renormalized four point interaction. We want to evaluate
is the self energy. The SCSA is defined in diagrammatic form by the graphs of Fig. 1a and 1b , where the double solid line denotes the dressed propagator G(q), the dotted line the bare interaction R(q) and the wiggly line the "screened" interactionR(q) dressed by the vacuum polarization bubbles. We thus obtain two equations, one for σ(k) which determines η, the other for R which determines η u :
where Π αβ,γδ (q) = dpp α p β p γ p δ G(p)G(q − p) is the vacuum polarization and tensor multiplication is defined above. Because of the transverse projectors, only the component Π(q) sym of Π(q) proportional to the fully symmetric tensor S αβ,γδ = δ αβ δ γδ + δ αγ δ βδ + δ αδ δ βγ contributes in (4b). Defining Π(q) sym = I(q)S, simple algebra givesR(q) =μ(q)M +b(q)N with renormalized shear and shear-bulk moduli, and the new equations:
We now solve these equations in the long-wavelength limit. Substituting
, with Z a non-universal amplitude, we find that the vacuum polarization integral diverges as:
where η u = 4 − D − 2η is the anomalous exponent of phonons. Substituting in (5a,b), and defining the amplitude: , which after calculation of the integrals defining A,B gives:
For D = 2 this equation can be simplified, and one finds (Fig. 2) :
Thus for physical membranes we obtain: η = 0.821, η u = 0.358 and:
roughly at midvalue of the present numerical simulations. From (5) we also obtain Lim
(i.e a negative Poisson ratio).
Expanding the result (7) in 1/d c one obtains:
which coincides with the exact result 6,7 , as expected by construction of the SCSA. Similarly, expanding (7) to first order in ǫ = 4 − D one finds:
also in agreement with the exact result 6,7 . This is not a general property of SCSA. Here it can be traced to the vertex and box diagrams of Fig. 1c being convergent. Indeed, because of the transverse projectors in (2-3) one can always extract one power of external momentum from each external h legs, which lowers the degree of divergence from naive power counting.
As a result, if one decouples the 4-point vertex R via a mediating field, the only counterterms needed are for two-point functions.
We have analyzed the crumpling transition of phantom membranes by the same method, applied to the isotropic theory of Ref. 18 . The exponent η = η cr at the transition is determined by 16 : with ν = 0.8 ± 0.06, although d = 5 seems almost marginal, whereas we find ν = 0.8 at the crumpling transition where self avoidance is irrelevant, although almost marginally so.
Flat membranes with random spontaneous curvature are described by adding the term (1), where c(x) are Gaussian quenched random variables 10 .
Within a replica symmetric SCSA, we find a marginally unstable T = 0 fixed point, i.e a long-wavelength solution only if T → 0 first. Defining the replica connected and off-diagonal 
